We calculate the critical amplitudes of the Polyakov loop and its susceptibility at the deconfinement transition of (3+1) dimensional SU(2) gauge theory. To this end we study the corrections due to irrelevant exponents in the scaling functions.
Introduction
The calculation of critical exponents at the critical point of second order transitions with Monte Carlo methods is by now standard. To this end one has to simulate the theory under consideration in different volumes in the immediate neighbourhood of the transition point. The behaviour of thermodynamic quantities in the thermodynamic limit is then inferred from extrapolation formulae which are derived from finite size scaling (FSS) theory. This allows in principle a classification of the underlying theory, because the critical exponents are universal for all models belonging to the same universality class. Yet the differences between the exponents of different classes may be rather small. Further tests on universality should then be performed. Indeed, since members of the same class are also sharing various scaling functions it can be shown that certain critical point amplitude combinations are universal as well [1] . Their calculation using finite volume simulations is, however, far more demanding, than in the case of the critical indices. The reason for this is that the amplitudes have to be taken from the tL 1/ν → ∞ limit of the scaling functions, where t is the reduced temperature and L is the characteristic length scale, L = V 1/d , i.e. essentially from very large volumes.
Recently Caselle and Hasenbusch [2] were able to show that it is possible to obtain Monte Carlo estimates for critical point amplitude ratios in the 3d Ising model with a precision comparable to those of other approaches [3] − [10] . In the more complex SU(2) gauge theory in (3+1) dimensions, which is a member of the same universality class, this has been a dream for quite some time. An early attempt [11] to deduce information on amplitudes from Monte Carlo data in SU(2) led to the conclusion, that the existing data were still inadequate for meaningful comparisons to results from analytic calculations. As we shall see later, both the quality of the data and the method of determination of the amplitudes are of great importance for the success of the project. There are other difficulties : the critical point has to be known with high accuracy, because a shift changes the estimates of the scaling functions. In the 3d Ising model the critical point has been determined with extreme precision, and simulations on really large lattices -up to L = 120 in [2] -have been performed. Such lattice sizes are still out of reach for SU(2) calculations.
In view of this situation we have chosen a different method from Caselle and
Hasenbusch. We proceed in the following way. In section 2 we describe how one can control the approach to the asymptotic scaling form. For this purpose we consider the envelope function to the family of curves, which one obtains for different volumes.
In the following section we present our data. Section 4 contains the analysis. Here, we first ascertain again the location of the critical point [12] with the new data, then we study the scaled observables and examine the corrections to the scaling functions.
The critical amplitudes are finally derived from the estimates of the corrected scaling functions. We close with a summary and the conclusions.
2 The Approach to the Asymptotic Scaling Form
Critical point amplitudes
To stay as general as possible we use in this section the notation for magnetic systems. We define the reduced temperature t as
where T ist the temperature and T c the critical temperature. In the thermodynamic limit the correlation length ξ diverges at a second order transition as
Here the index of the critical amplitude f refers to the symmetric (+) or to the broken phase (−) and coincides for magnetic systems with the sign of t. The magnetization or order parameter M and the magnetic susceptibility χ behave for zero external magnetic field H close to the critical point as follows
3)
Though the amplitudes C + and C − are not universal, their ratio is. The same is true for f + and f − . More universal amplitude ratios are obtained by making use of the hyperscaling relations among the critical exponents.
Finite size scaling
The approach to the just mentioned asymptotic scaling forms of the thermodynamic quantities is described by finite size scaling equations. In particular, it can be shown [13] using renormalization group theory that the singular part of the free energy density has the form
The scaling function Q fs depends on the temperature T and the external field strength H in terms of a thermal and a magnetic scaling field
and possibly further irrelevant scaling fields g i with negative exponents λ i . All scaling fields are independent of L.
The order parameter M , the susceptibility χ and the normalized fourth cumulant g r of the magnetization 8) are obtained from f s by taking derivatives with respect to H at H = 0. The general form of the scaling relations derived in this way for an observable O is
the largest irrelevant exponent λ 1 = −ω and inserting the expansion 2.6 intoQ we arrive for small |t| at
2.3 Control of approach to the thermodynamic limit
The functions O(t, L) for a specific observable build a family of curves, parametrized by L. For increasing L these functions are supposed to approach the limiting form
An inspection of such an ensemble of curves from Monte Carlo measurements on different volumes suggests that one calculate the envelope function to the family of
curves. An example of this is the magnetization in SU(2) shown in Fig. 1 . At least the leading term in t of this function should coincide with the limiting form eq. 2.11. The amplitude could then be determined from the envelope function.
We derive the envelope function from the FSS formula 2.10
by solving the equation
for L = L(t) and insertion into eq. 2.12. Here L(t) defines the matching point t,
where the envelope function touches the curve with parameter L(t). The scaling function Q depends only on the scaled reduced temperature x and the correctionto-scaling variable y
Eq. 2.13 can then be written as
In the following we assume a linear dependence of Q on y
which is certainly justified for large L. We will check our data for this point. Inserting the last equation into eq. 2.15 leads to
The last equation can be solved in a first approximation for y = 0 by determining 18) which corresponds to the approximate matching point
The next approximation L 1 is obtained from the ansatz
with the result
, (2.21)
and all Q have to be taken at x = x 0 .
Inserting L 1 (t) into eq. 2.12 gives the envelope function
The sign of t and x 0 are here the same, the envelope function exists only on that side of the transition, where a solution x 0 to eq. 2.18 is found. We note that the correction term ǫ(t) does not enter the first correction-to-scaling term in O e . The form of O e is the same as the one expected for O ∞ , eq. 2.11. Also the correctionto-scaling term has the correct exponent, namely
Comparing the expressions 2.11 and 2.23 we find
Of course, this result does not come as a surprise. Suppose, there are no scaling corrections, so that
As a consequence we get in the thermodynamic limit
Consider now the function
and its approach to asymptopia. Its derivative is given by
The bracket expression in the last equation becomes zero at the matching point x 0
and also if Q 0 (x) ∼ |x| −ρ , that is when it reaches its asymptotic form. Then A 0 (x) attains an extreme value, the critical point amplitude a 0 .
From the above considerations we deduce our method of calculation of the critical point amplitudes. In a first step, we estimate the scaling function Q 0 (x) from the data, by carefully examining the corrections-to-scaling contributions to Q(x, y).
Next we control the approach to the correct scaling form of Q 0 (x), by calculating the function
It should become zero inside the error bars if x is large enough. A single zero at small x is obviously not what we are looking for.
In the following we consider SU(2) gauge theory on N 
Here, a is the lattice spacing. For all practical purposes we can take a = 1, so that L and N σ are equivalent. We use the standard Wilson action
where U p is the product of link operators around a plaquette. In contrast to magnetic systems, where the phase of spontaneous magnetization or symmetry breaking is at physical temperatures T < T c , the situation at the deconfinement transition is just reverse: the symmetric phase is below T c . Correspondingly the sign of the reduced temperature belonging to a certain phase is opposite to the usual one. The reduced temperature may be approximated in SU(2) near the transition through
where 4/g 2 is the coupling constant and we have denoted the reduced temperature witht to keep the sign difference in mind.
On an infinite volume lattice the order parameter or magnetization for the deconfinement transition is the expectation value of the Polyakov loop 4) or else, that of its lattice average
where the U τ,x;4 are the SU(2) link matrices in time direction. Due to system flips between the two ordered states on finite lattices the expectation value M is always zero. Therefore we replace it by the expectation value of the modulus of the magnetization, |M| . This observable was shown to converge to the correct infinite volume value in the broken phase at least for the 3d Ising model [2, 14] . The FSS investigations in SU(2), which used this observable (see e.g. [12] ) confirmed this finding. Correspondingly we use instead of the true susceptibility the definition
In the symmetric phase, however, the finite volume susceptibility
is the appropriate choice. At the critical pointt = 0, the data for both χ and χ v show FSS behaviour with the same critical exponent γ.
The data
Originally we started our analysis with Monte Carlo data from N 3 σ ×4 lattices, which we took from refs. [12] and [15] . They were well suited for the determination of the critical indices and the critcal coupling 4/g 2 c . It turned however soon out that they were not precise enough to reliably estimate the scaling function Q 0 (x) and secondly that we needed data in a larger range of x−values. We have therefore produced four complete new sets of data on N plaquette distributions were overlapping to a large extent. It was therefore easy to apply the density of states method (DSM) [16] in the whole range. Our subsequent analysis of the data will be based on their DSM interpolations. A general survey of our data is given in Table 1 . In the appendix we list the results in detail. In Fig. 1 we showed already the DSM interpolations to our data for the modulus of the Polyakov loop, in Fig. 2 the corresponding ones are plotted for χ v All figures contain also previous results for N σ = 8 from [15] . In order to give an impression of the amount and quality of our new data, we present in Fig. 3 the results for the directly measured data points for the susceptibility χ. We note that the susceptibility has much larger statistical errors than |M| and χ v . As was the case for the 3d Ising model [2] , the simulations in the symmetric phase required fewer measurements for the same accuracy. This is observed also in Fig. 3 , where the errors fort > 0 are larger than fort < 0, though we made in general more measurements there. In Fig. 4 we compare the results for χ for the different volumes. 4 Scaling analysis of the data
The critical point
For our scaling analysis it is important to know the exact location of the critical point. We have therefore repeated the determination of the critical point with our new data and the χ 2 −method as proposed in ref. [12] . That method is a test on the L−dependence of an observable O at the critical point t = 0, x = 0 .296 − 2.302; the L = 36 data were omitted here, because close to the critical point still more statistics would have been needed. As expected the better data produced a narrower χ 2 −parabola, the minimum was shifted to a slightly smaller 4/g 2 −value, yet the 1%−difference of the exponent ratios remained. The apparent problem with the universality prediction disappeared however, when we included a correctionto-scaling term like in eq. 4.1 into our fit, as it was done already in the case of the observable g r . In fig. 5 we compare the different minimal χ 2 −curves for the observable |M| . In the ω dependent fits and in the subsequent scaling analysis we used as input the same set of critical exponents as [2] . The corresponding minimal χ 2 −parabolae are even narrower than in the leading term fits, the result for 4/g 2 c is essentially independent of ω for ω = 1.1 − 1.3 and is equal to the critical coupling found already in ref. [12] 4/g 
We find a remarkable difference in the correction-toscaling behaviours in the two phasest < 0 andt > 0. In the symmetric phase, here for χ v , the correction-to-scaling contribution is indeed linear in y. The best value of ω is again about 1.2. In the broken phase the correction is certainly not linear in y for small L, both in Q M and Q χ . Therefore we have estimated Q 0 here from the two largest lattices with ω in the range 1.1-1.3. As can be seen from Fig. 7 the signs of the correction-to-scaling contributions are different for the susceptibility in the two phases. The universal ratio for the correction-to-scaling amplitudes is therefore negative. From a high temperature expansion Butera and Comi [10] predict that the correction amplitude of the N−vector spin model a 1χ (N) is negative for N < ∼ 2. Our finding of a negative correction-to-scaling contribution in the symmetric phase is in accord with this statement for N = 1. 
The critical amplitudes
In Figs. 9-11 we show the functions F O , eq. 2.30, which are obtained from the scaling functions Q 0 for |M| , χ v and χ, respectively. In determining Q 0 the Jackknife errors of the reweighted onservables were taken into account, the critical exponents from The errors in the amplitudes come from different sources. Apart from the errors in A 0 due to errors from the data, the main error comes from variations in ω and errors from the point of onset of the asymptotic region. That leads to a bigger error for C + than for the other quantities. Our result for C + /C − agrees nicely with the 3d
Ising model value 4.75(3) of [2] and the latest field theoretic value 4.79(10) of [9] .
From our envelope formula 2.23 we can even derive an estimate for the next-toleading amplitude
Though variations of ω influence strongly these correction-to-scaling amplitudes, their ratio is less affected. For the susceptibility we obtain the amplitude ratio a 1+ /a 1− = −0.37 (2) . As discussed already this ratio is negative. The overall size of the ratio is however of comparable magnitude to other estimates [18] .
Summary and conclusion
We have shown that it is possible to determine critical point amplitudes in SU (2) from Monte Carlo simulations in finite, not extremely large volumes.
Very accurate data are however required for the necessary estimate of correction-toscaling contributions to the scaling functions and the control of their approach to asymptopia.
In the symmetric phase and in the broken phase we find different correction-toscaling dependencies of the scaling functions.
Our result for C + /C − is in excellent agreement with the 3d Ising model value from
Monte Carlo simulations and field theory calculations of the N = 1−vector model.
The agreement of this critical amplitude ratio for the (3+1) dimensional SU (2) gauge theory and the 3d Ising model is a further strong support of the universality hypothesis of Svetitsky and Yaffe [19] beyond the level of critical exponents. 
